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Abstract
This paper discusses the results of a research1 that integrates Digital Interactive Storytelling (DIST), competenceoriented mathematical activities, and argumentation called DIST-M. The general aim is to support a reflective
knowledge of mathematical concepts by implementing a digital educational device based on collaborative and dialogical
activities proposed by researchers. Within a dialogical dimension of interactions (Bakhtin, 1981), argumentative practice
is considered a social activity, where the acquisition and elaboration of new knowledge take place within a social space
with multiple interlocutors in a dynamic process. The participants are engaged in constructing and negotiating
mathematical meanings within a specific context. This dialogical approach to argumentation tends to create an
authentic argumentative culture that is a system of implicit and explicit rules where the exchanges and interactions
among participants require a joint elaboration of new meanings, within a given mathematical context, through a
dialogical exchange. Learning and development result from a dialogical negotiation process during which new
knowledge is developed and those already possessed are re-organized and systematized (Bakhtin, 1981; Vygotskij,
1978). In the current pandemic circumstances, technologies are the main tools to uphold the educational processes.
Despite the fact that the DIST-M was implemented and tested before the Covid-19 era, its epistemic bases of dialogism
mediated by technology could significantly keep alive the dialogic interaction in educational settings that have been
heavily affected by the social distancing and promote mathematical thinking. The articles focus on the United Nations
Sustainable Development Goal n. 4,” Ensure inclusive and equitable quality education and promote lifelong learning
opportunities for all.”
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ÏÏÒ

Introduction
Previous psychological research (Arcidiacono, 2015; Rigotti & Greco, 2010; Schwarz & Baker,
2017) has explored the role of argumentation in knowledge construction processes in educational settings.
This work has highlighted that, under certain conditions, argumentation contains a learning mechanism that
allows people to change their position on a topic and expand and acquire new knowledge in interaction
contexts (Doise, Mugny & Perret-Clermont, 1975; Doise & Mugny, 1981). Thus, argumentation enables
people to change their point of view (Van Eemeren & Grootendorst, 1984; Leitao, 2000; Piro, 2015; Mollo,
2018).
In this paper, we analyse the link between argumentation and the development of new knowledge
in teaching-learning contexts. We specifically focus on a dialogical dimension of interactions (Bakhtin,
1981). Our theoretical frame of reference is based on classical works of social genetic constructionism
2
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(Doise, Mugny & Perret-Clermont, 1975; Perret-Clermont, 1979; Iannaccone, 1984; Iannaccone & Ligorio,
2001) on the contributions of Vygotsky’s (1978) cultural-historical school, and on previous research on
argumentation (Van Eemeren & Grootendorst, 1984, 1992; Grossen & Perret-Clermont 1994; PerretClermont, Trognon & Marro, 2008; Piro, 2015), particularly in the area of mathematics education (Boero,
1999; Mariotti, 2006; Antonini & Mariotti, 2008; Boero, Douek, Morselli & Pedemonte, 2011; Mariotti,
Durand-Guerrier & Stylianides, 2018).
The socio-constructivist perspective has developed a concept of learning that holds that the
cognitive dimension (of learning) is connected to the social dimension. There is a strong link between the
social condition of thought – understood as an activity located in sociocultural interaction – and cognitive
activity (Iannaccone, 2010; Marsico, 2017, 2018, Marsico et al., 2015; Szulevicz et al., 2016). The
processes through which participants give meaning to what is happening around them (and their
interpretation of the context in which these interactions occur) are indissolubly intertwined with how they
perceive their involvement in a shared activity (Coppola et al., 2015).
These studies reveal that cognitive activity – particularly the acquisition of new information – cannot
be decontextualised or traced exclusively to activity in isolation. Instead, it depends on one’s understanding
of the world and the progressive (social) construction of the meaning of the events in which one is
continuously involved (Iannaccone & Arcidiacono, 2017; Iannaccone, 2010; Perret-Clermont, 2004). Based
on this landscape, argumentation takes on a central role; it is understood as a discursive and exchange
process defined by the presence of others with different skills, specific cultural artifacts, and action
practices. It requires quasi-formal reasoning and unfolds within certain interaction contexts (Baker, 2006;
Iannaccone, 2010; Iannaccone & Arcidiacono, 2017; Manzi et al., 2020; Mollo, 2021; Plantin, 2015; Van
Eemeren & Grootendorst, 1984). Emerging from these premises are dialogical and pragmatic dimensions
of argumentation, where argumentation can be understood as action-oriented to an addressee and
immersed in a specific context (Rigotti & Greco, 2010).
Furthermore, the dialogical and pragmatic dimensions of argumentation point to previous studies,
including the work of Austin (1961, 1962), Searle (1973, 1975, 1978), and Grice (1957, 1975). All of them
contributed to developing the modern argumentation theory as a particular type of dialogical interaction
between speakers. They also represent the foundation of pragma-dialectics (van Eemeren & Grootendorst,
1984, 1992; van Eemeren, Grootendorst, Snoeck & Henkemans, 1996; Schwarz & Baker, 2017).
Pragma-dialectics adopts the critical perspective that finds its highest expression in the concept of
critical discussion and implies the argumentative use of language to resolve a difference of opinion3. Within
this model, a difference of opinion can only be resolved if the counterparts reach a common decision on
the acceptability or unacceptability of an argument4. This will only be possible if the interlocutors are willing
to critically examine all the elements of a particular thesis to determine whether there is an area of
agreement – a sort of ‘common ground’ between the speakers – where they share values and knowledge.
This condition is essential for the success of discussion5. In this sense, according to pragma-dialectics,
argumentation activates a process of discursive negotiation using language (van Eemeren & Grootendorst,
1984, 1992).

3

A difference of opinion on a thesis is the starting point for initiating discussion.
Its primary objective is to bring out the weaknesses of a specific thesis or argument through a rational and intersubjective verification
of its validity that highlights those elements that would lead to its refutation. In this perspective, attention to the discussion aims to
highlight the defense strategies or persuasion stratagems used by the various interlocutors in order to bring out the dialectical
procedure used to conduct the critical discussion: the linguistic act contained in the discourse.
5
Argumentation is conceived as a tool of reasonable persuasion in which critical discussion is aimed at reaching a common and
reasonable conclusion that arises from certain premises and the willingness of the interlocutors to continuously subject their thesis to
critical testing (justification of opinions and consideration of oppositions).
4
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In this paper, we focus on analysing the process of solving a mathematical problem that arises
within a story proposed to student participants. Our qualitative analysis concerns the critical discussion
activated in the forum by questions asked by the researcher, who is a character in the story. The research
has two purposes: 1) to help the student build mathematical arguments and 2) to support, through the
creation of a dialogic argumentative space mediated by technologies, reflective knowledge of mathematical
concepts. The scripts and related mathematical tasks were designed to induce the production of
argumentative chains. This work focuses on analyzing the solving process of a mathematical problem arose
within a story proposed to the students. The students are engaged in the construction and negotiation of
mathematical meanings. The qualitative analysis concerns the critical discussion activated in the forum by
the questions asked by the researcher (who is a character of the story).
In education, considering argumentation only in terms of logical proof would be reductive to its
potential for learning and development. In effect, logical proof6 represents one aspect of argumentation, the
product of a much more complex argumentative process. This process takes the form of a kind of critical
engagement that involves reasoning, experience (or rather, our knowledge), context, and each other. From
our perspective, critical engagement is defined as the ability to think critically – in other words, to reflect,
process, and evaluate facts: to cognitively engage in meaning-making (Langer, 2005; Bonney & Stemberg,
2010; Gruenfeld, 2010). The participants must propound and justify their viewpoints for a dialogical
exchange to turn into argumentation. The group member presents her viewpoint and defends it against
counterarguments and the critical questioning raised by the researcher (who takes the role of an opponent).
We have two dimensions: the dialogical and dialectical dimensions of argumentation. The dialogical
dimension of argumentation points to the role of "the other" (the researcher). Here the argumentation and
the dialectical dimension emphasize the role of systematic opposition and critical questioning in
argumentation that comes from the researcher (Van Eemeren & Grootendorst, 1984; Leitao, 2000).

Argumentation as dialogue
It is clear from the above discussion that to consider argumentation in terms of language and,
consequently, dialogue, it is fundamental to understand the potential of argumentation in educational
contexts fully and within teaching-learning processes. According to Vygotsky (1978), language and
dialogue represent fundamental tools in learning and development from early childhood.
Within collaborative social interactions, dialogue helps children organise and systematise
knowledge. In fact, according to Vygotsky (1978), children already possess a number of spontaneous
concepts (pseudo concepts) that are as yet disorganised and unsystematic. Vygotsky’s pseudo concepts
constitute the most widespread form of children’s real thought, and in school-aged children, this form of
thought prevails over all other forms. Through guided verbal exchanges, a child who already possesses
such concepts can compare these concepts with an adult’s logical and rational concepts. With this
comparison, the child’s knowledge will become, in turn, more logical and rational. Through dialogue with a
child, an adult can determine the course (and effect) of the development of generalisations. Vygotsky
emphasises that the adult does not impose ‘on the child his way of thinking,’ but that this confrontation is
instead part of a co-construction of knowledge that implies a negotiation of intersubjective meanings.
Learning and development result from a dialogic negotiation process through which new knowledge
is developed, and knowledge that is already possessed is organised and systematised. From this
perspective, argumentation cannot be considered exclusively in its role of logical proof or only as a form of
communicative confrontation between parties. Instead, argumentation should be considered in its dialogical
6
Argumentation as proof is understood as a discursive mode that has the purpose of demonstrating (evidence of fact) and justifying
a certain type of reasoning and that is articulated in series of discursive moves such as: hypothesis, thesis or proof (Piro, 2015; Rigotti
& Greco, 2010).
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dimension as a form of organisation and development of knowledge evolving within a process of
intersubjective discursive negotiation that uses language for intrapersonal construction of new levels of
knowledge.
Concept and meaning development represent a complex act of thinking that require multiple
functions (such as voluntary attention, logical memory, abstraction, comparison, etc.) and high levels of
awareness. On the other hand, thinking can be conceptualised as communication with oneself. It ‘arises as
a modified private version of interpersonal communication’ (Sfard, 2001). The argumentative practice,
considered within a dialogical dimension of interactions (Bakthin, 1981), is configured as a social activity
through which one may acquire and process new knowledge within a social space and with multiple
interlocutors in a dynamic process that sees participants engaged in the construction and negotiation of
meanings within a given context. This dialogical approach to argumentation tends to create an
‘argumentative culture’ – a system of implicit and explicit rules that contains built-in exchanges and
interactions involving the active participation of the participants in jointly elaborating potential meanings
within a given context through a dialogical exchange. Beyond that argumentative space, any meaning loses
its meaning (Iannaccone, 2010; Perret-Clermont, 2014; Bakhtin, 1981).
An important element that comes into play in learning processes is context (Walton & Krabbe, 1995;
Muller Mirza, 2012; Muller Mirza & Perret-Clermont, 2009). Studies of educational contexts (Iannaccone,
2010) have highlighted how institutional frames give shape to social interactions and intertwine with
cognitive activity by influencing how individuals within those frames perform the different participatory
activities (Iannaccone & Perret-Clermont, 1993; Perret-Clermont, 2001; Iannaccone, 2010). Modern
theories of argumentation also include the interpersonal reasoning model7 (Walton & Krabbe, 1995), in
which reasoning plays a central role in argumentation. Reasoning is immersed in communication, and
resides within a strong dialogical and pragmatic dimension. The argumentative moves implemented by the
interlocutors are guided by reasoning that follows the discursive relationship. In fact, its development
depends on the course of the conversation and considers the social dimension, the purpose of the dialogue,
and contextual differences. Interpersonal reasoning evolves within interpersonal discursive space; every
cognitive decision is tied to the relational and contextual situation.
Walton and Krabbe (1995) found out that dialogue rules, which are defined by different
communicative contexts, emerge from argumentative practice. The rules within the dialogue define the
argumentative moves or the actions that conform to the rules of the particular communicative context. The
violation of a rule (shift) corresponds to a fallacy, or non-cooperative contribution (Grice, 1957, 1975), within
the discursive space that relates to the purpose of the dialogue.
It is clear then that reasoning, which is inherent in argumentation is dominated not so much by
rationality but by how reasonable the arguments are in a particular context. Within a very strong pragmatic
dimension, every argumentative move makes sense and can be used within a given context, while outside
of that context, every discursive move loses its function. It is essential to take into account different
communicative contexts, despite the fact that they cannot be considered variables external to the cognitive
activity – but still they play an important role. Such argumentative dynamics, in different interaction contexts,
may activate a process of knowledge transformation through a game of social roles and negotiated
positions. Through these sorts of interactions, an argumentative space that continuously evolves in a
temporal dimension (in the dimension of the micro-history of the dialogue) is delineated; this argumentative
space becomes, in turn, a space of thought (Bakhtin, 1981; Perret-Clermont, 2014). The creation of an
argumentative space within which students may confront what is unknown (to them) or elements that may
7

For an in-depth discussion of the model, see Walton D., Krabbe E., 1995, Commitment in Dialogue. Basic concepts of interpersonal
reasoning, State University of New York Press, New York.
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destabilise their opinions represents for the participants a source of reflection and awareness of themselves
and their own knowledge (Savarese et al., 2019). This perspective demonstrates the importance of creating
educational devices that involve cooperative activities that centre on argumentation as a tool for conceptual
evolution. We assume that through learning activities that involve argumentation, we can not only facilitate
access to new knowledge but also improve students’ argumentative skills.

Research purpose
The overall goal of this research is to support the reflective knowledge of mathematical concepts.
We aim to develop the participants’ reasoning and argumentative skills in mathematics through a training
and research device that integrates digital interactive storytelling (DIST), called DIST-M. Reasoning and
argumentative skills are defined as those skills that involve ‘logic-based mental processes that allow one
to analyze and connect the elements of a problem in such a way that one can draw conclusions, verify a
given justification, or provide justification for statements or solutions to the problem’ (Niss, 2015). We
presume that argumentation is an important scaffolding tool – a dialogic space of collaborative interaction
modulated on the students’ abilities within which they co-construct knowledge. To this end, we present our
analysis of an activity carried out with participants from the first class of the secondary school.

Participants8
Thirty students from the first class of a human sciences high school took part in the activity. The
students were divided into seven groups of four or five members (in the case of five members, two students
took the ‘Pest’ role). We left the composition of the groups to the discretion of the class teacher, asking that
they ensure that the groups were of a homogeneous level among themselves.

DIST-M educational device
The methodological architecture for this study develops around a digital story in the form of comics
(Marsico, Mollo, Albano & Pierri, 2019; Albano, Pierri & Polo, 2019), which evolves through multiple
episodes and revolves around five animated characters (four teenagers and an adult, the uncle of one of
the teenagers) who face mathematical problems that are born spontaneously from the story itself.
Each student participant is a character in the story and, within and through the narrative, is given a
role and actions to perform – sometimes alone, sometimes in collaboration with others. Unlike previous
research and practices, this study does not place the participants as either the one who listens and
reproduces a story or as the one who invents a new one. Instead, we integrated the students into the
scenario that was presented through the comics, assigning them the position of the protagonist by giving
them the role of one of the characters. Through this approach, the students direct the development of the
story through their interactions with each other. We used the same approach for the mediating role of the
expert, who was also a character in the story and who acts on the basis of the stimuli/responses/silences
of the other actors. The teacher and student actions evolve on the following two interrelated levels.

Mathematical storytelling
This refers to the context within which the mathematical problem arises, develops, and evolves
through various phases of action that correspond to many episodes in the story. The storytelling is related
to specific objectives that are fundamental for constructing argumentative and communicative
competencies and for initiating mathematical proof. These objectives are as follows:

8

Informed consent was obtained from all individual participants included in the study
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1.
2.
3.
4.

Exploring (episode 1): observe and produce a summary description of what was found;
Conjecture (episode 2): refine the wording of the previous description;
Formalise (episode 3): manipulate the conjecture to pave the way for proof;
Prove (episode 4): identify and organise arguments in an appropriate deductive chain, justifying each step
of the deduction.

Each episode is structured into two working phases:
a)
b)

peer work, where the students interact among themselves, trying to reach a shared answer to a subproblem posed within the episode; here, the role of the expert is played by the vignettes;
asymmetric work, where the students interact with the character representing the expert, with the aim of
discussing, refining, and institutionalizing what they found by themselves; the starting point of this phase
is the answer shared by the students in phase a).

Roleplaying
Within each episode of the story, the characters’ work is governed by the specific roles, which can be
associated with the main cognitive functions that come into play in the mind of a mathematician in a problem
solving situation (Albano, Coppola & Dello Iacono, 2021; Coppola et al., 2015; 2011; 2019).
Some of these roles have been played by the students: the Boss (the group’s organiser and articulator of
the work: social interaction and relationship in work); the Blogger (the verbaliser and speaker: memory and
communication); the Pest (the devil's advocate: critical/constructive thinking); and the Promoter (the initiator
and animator of the task performance: insight and knowledge).
Alongside these roles is a character who plays an asymmetrical role with respect to the peer group: the
Expert (the adult in the story). The expert exercises his function as a mediator (Bartolini-Bussi & Mariotti,
2008) and intervenes as needed, both in autonomous moments of peer work and in moments dedicated
explicitly to the confrontation between the peers and the expert. This role is important because the expert
ensures the group’s productivity and acts as a guide and facilitator.
The technological architecture of the story was based on an online digital platform (Moodle). This model
involves the integration of various online technologies, some of which are general purpose (forum or chat)
while others are specific to mathematics (spreadsheets, CAS, DGS). We also used technology developed
specifically to support the development of some specific skills, such as language toolkits (Albano & Dello
Iacono, 2019).

Methodology
We analysed, at different levels, an activity concerning the resolution of a mathematical problem presented
in one of the stories proposed to the pupils (Fig. 1) (Doise, 1982b). The analysis examined 1) the
communicative interactions within the forum, identifying the resolution strategies that the pupils coconstructed in their interactions (dialogic dimension); and 2) the participants’ individual reasoned responses
before and after the discussion (monological dimension).
We will present the analysis of the dialogic dimension in this paper.

Dialogical dimension analysis
According to pragma-dialectics, in order for a confrontation of opinions to turn into true
argumentation and, therefore, a space for dialogic interaction, students must propose and justify their points
of view (confrontation stage) and let their responses be examined by others (opposing points of view and
possible critical questions posed by other students) (Van Eemeren & Grootendorst, 1992; Mollo, 2018;
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2021). Our qualitative analysis9 examined the students’ argumentative skills in collaborative learning
situations. In particular, we focused on the students’ ability to produce arguments for and against their own
and others’ positions10. This analysis also focused on how the critical questions posed by the researcher in
one of the discussions in the general forum activated further elaborations, reflections, and possible
conceptual changes in the students. Our intent is to highlight the transformations and micro-transformations
that took place among the participants.

Activity
The activity presented to the participants concerned a fantasy story titled ‘Aliens are coming,’ which
follows a group of four friends engaged in the enterprise of communicating with aliens from whom they have
received mysterious messages composed of numbers and operations. The four friends in the story
correspond to the four expected participant roles: group, speaker, devil's advocate, and technology; these
were appropriately contextualised within the story as character profiles (Fig. n. 3). The activity, which was
the subject of our analysis, began with a screen of numbers and operations sent by the aliens (see Fig. 1,
below) that contained the following hidden mathematical question (Mellone & Tortora, 2015): ‘Pick four
consecutive natural numbers, multiply the middle two between them, multiply the extreme two, subtract the
results. What do you get?’

Figure 1

Starting from what is shown in Figure 1, the students are guided to explore and conjecture that the
result of the mathematical question posed is 2, then they are required to prove it, and to this aim, they need
to mathematically formalize their conjecture. In each phase, the students are expected to support with
suitable arguments their findings.
The activities were designed and supervised by teachers and researchers. The students were
asked to discuss the problem and possible solutions in chats until they arrived at a single shared solution.
One member of the group, the Blogger, was given the task of communicating (through the forum) the
answer that was discussed and chosen by the whole group.
The forum used by the participants was managed by the researcher or the teacher who filled the
expert role (the uncle in the story). The expert’s task was to collect the solutions presented, in argumentative
form, by the different groups and stimulate the students through questions and suggestions to activate a
reflection on the answers given and the concepts learned. This was performed in accordance with the
Vygotsky’s theory of the zone of proximal development, which holds that reasoning abilities increase in

9
Here, there are no conditions for analysing the entire critical discussion using the rules of pragma-dialectics; the analysis was inspired
by some concepts of the pragma-dialectical approach.
10
The data in their entirety are available to researchers who may be interested.
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interaction among peers and with more experienced people (Vygotsky, 1978). Each group member within
the game took on a role, and our analysis examined the communicative interactions within the forum.

Data analysis
In this section, we will present an analysis of the arguments produced within the study’s general
discussion forum. The analysis of critical discussion was guided by some of the principles from the theory
of language acts (Searl, 1979) used in the pragma-dialectical model (Van Eemeren & Grootendorst, 1992);
some of the linguistic moves used by the students and the researcher in the different stages of critical
discussion could be characterised as language acts (Searl, 1979). We considered the following acts, in
particular11: assertive, commissive, and directive12. The focus of the analysis was on the relationship
between the critical questions posed by the researcher and the emergence of any conceptual changes,
elaborations, or reflections by the students – i.e., conceptual transformations and micro-transformations.

Dialogic dimension analysis
The starting point of an argumentative discussion is the shared answer to the sub-problem at stake
reached by the students in the peer work phase. It is the expression of a point of view and the resulting
non-acceptance13. The first excerpt presented below represents the start of a peer discussion, started by
the expert inside the story by means of vignettes, as shown in the following excerpt from the story: ‘But
where do you think these aliens want to go? Why are they sending us these quaternary14?’ (Fig. 2).

Figure 2

After the peer work and submission of the shared answers, the focus of the discussion is the argued
response provided by groups 6 and 1. The language act in this first phase of the discussion is assertive;
the students expressed their theses with respect to solutions for the task.

Answer no. 1: Group no. 6
1.
2.
3.
4.

Any quaternary consisting of 4 consecutive natural numbers can be chosen because the difference between the
product between the 1st and 4th numbers and the product between the 2nd and 3rd numbers results in 2.
A = natural number
B= A+1C= B+1D= C+1
B*C-A*D. The result found is 2, because the messages are probably coming from a planet 2 light years away.

11
For an in-depth study of the theory of language acts, see Searl, J. R. (1969). Speech acts. An Essay in the philosophy of language.
Cambridge: Cambridge University Press. Tr.it (1992) Linguistic acts. Essay on the philosophy of language. Turin: Bollati Borghieri.
12
Assertive when the subject commits to the acceptability of a thesis; directive when the subject tries to push the listener to perform
a verbal act (request, forbid, reply, recommend, etc.); commissive when the speaking (or writing) subject commits to the interlocutor
to do or not do something (promise, accept or not accept, decide to start the discussion, etc.).
13
Non-acceptance can take many forms; it can be expressed indirectly or directly (i.e. strong or weak) (Baker, 2015).
14
Group of four.

Dialogic Pedagogy: An International Online Journal | http://dpj.pitt.edu
DOI: 10.5195/dpj.2022.517 | Vol. 10 (2022)

DT30

Dialogical interactions mediated by technology in mathematics education
Giovannina Albano, Monica Mollo, Maria Polo, Giuseppina Marsico

Answer no. 2: Group no. 1
5.
6.
7.
8.

This is the answer of group 1
Taking 4 successive numbers (n+1), for example, 9,10,11,12, if we subtract the product of the averages by the
product of the extremes, we always get 2: 9,10,11,12
(10×11) - (9×12) = 110 - 108 = 2
(n+1 * n+2) - ( n * n + 3). n =9

In accordance with pragma-dialectics, the expert's questioning of the groups’ proposed responses
opens the discussion phase (excerpt no. 1):

Excerpt no. 1: Researcher (Gianmaria, as a character in the story)
9.

Hi guys, I have read all your answers. But I am still in doubt. I think I have understood the way you have selected
the quaternary. However, you have not convinced me that by choosing consecutive numbers, the result of the
operations the aliens do will always be two.
10. I have seen that many of you call the four numbers a, b, c, d and then say that a*d-b*c=2.
11. But I am not sure that whatever the numbers a, b, c, and d are, in math, the result is 2. I seemed to remember that
each letter can take on any value, So how do I know that the result is really 2?

The expert expressed his non-acceptance of the answers given by the students in two ways. First,
he expressed it directly, but in a weak way (directive act) (‘I still have a doubt,’ ‘you haven’t convinced me’).
Then he expressed it in the form of a question (‘So how do I know that the result is really 2?’). In turn 11,
he expressed his alternative point of view (‘But I am not sure that whatever the numbers a, b, c, d are, in
math the result is 2. I seemed to remember that any letter can take on any value.’)15. In round 2, the
researcher engaged the students in a comparison process (‘I have seen that many of you call the four
numbers a, b, c, d and then say that a*d-b*c=2’).
At this point, the argumentation phase begins; as excerpts 2 and 3 show, the students presented
arguments in support of the answers presented in the forum. The communicative act here is commissive;
the students accepted the challenge and began to defend their argument. It is interesting to note the
diversity of the arguments used by the different groups to defend the same thesis (that their answer is
correct – i.e., that the result is always 2).

Excerpt no. 2: Student no. 1, Group no. 3
12. Group three thought to consider A as any number, and A+1, A+2, and A+3 its consecutives. In all quaternary, the
numbers are arranged so that we get the subtraction between the product of the second and third numbers and
the product of the first and fourth numbers, then:
13. (A+1)(A+2) - A(A+3)
14. If we solve this expression, we get:
15. (A+1)(A+2) - A(A+3)=.
16. =A^2 + 3A + 2 - (A^2 + 3A)=
17. = A^2 + 3A + 2 - A^2 - 3A= 2 And it is for this reason that whatever value we give to A (even a large number) the
result will always be 2.

Excerpt no. 3: Student no. 2, Group no. 5
18. because, in my opinion, by writing the quaternary in a literary form, then replacing the smallest number of the
quaternary with b and getting the others consecutive to him by adding the appropriate number, we get a small
literary expression that gives us a result the number 2.
19. b;(b+1);(b+2);(b+3) b belongs to the set of natural numbers
20. [(b+1)*(b+2]-[b*(b+3)] =
15
The expression ‘I seemed to remember that any letter can take on any value’ represents, moreover, the opening phase, within which
we focus on the shared premises (plane of knowledge) that constitute the ‘zone of agreement’ between the participants in the
discussion. The sharing of a common ground represents the essential element for the start of any critical discussion.
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21. =b^2+2b+1b+2-b^2+3b=
22. =2 We can consider this expression as the formula to calculate the various expressions derived from the quaternary
given to us by the aliens. And to explain that it works with any natural number, both big and small.

In excerpt 2, the student presents the answer as a product of collaborative group work (turn no. 12,
‘group three thought’), while in excerpt 3, the student expresses himself individually, initially (turn no. 18,
‘in my opinion), but later in the course of the argumentation, he switched to the first person plural (turn no.
22, ‘We can’). This change is indicative of how the critical discussion took place in cooperative terms (Grice,
1957), which was certainly thanks to the establishment, in the opening phase, of a ‘zone of agreement’
among the participants16.
In addition, the responses provided (compared to those provided initially by groups 1 and 6) are
well-argued and consistent, and the propositions provided by the students to reach the conclusion (i.e., the
result is 2) adequately supported the conclusion.

Excerpt no. 4: Researcher
23. does the same apply if we substitute a letter for the largest number in the quaternary?
24. Why are you so convinced that the value you assign to A is not important?

In excerpts 4 and 9, in order to make students’ arguments more effective, the expert resorted to
the use of a series of non-inductive technical relaunches and reformulations of the answers with the aim of
facilitating the process of reflection on the knowledge. The linguistic act here is directive; the effect is further
clarification of the position taken by the students (excerpt no. 5).

Excerpt no. 5: Student no. 3, Group no. 2
25. First, I thought of taking a letter, for example, C, as any number C+1, C+2, C+3.
26. In quaternary s, to get a result 2, we have to do the subtraction between the product of the second and the third
number and also the product between the first and the fourth number, so taking C in consideration, we can do
27. (C+1) (C+2) - C(C+3). And if we want to solve this little expression, we will see that it will come out as a result 2
because:
28. (C+1) (C+2) - C(C+3) = C^2+ 2C +1C + 2 - b^2+3C=2
29. This expression, as we have seen, could be the right formula to calculate the various quaternary s given by the
aliens. Also, we have seen that whatever value we give or attribute to C, with a small number or with a large
number, the result, as we have seen, will always be 2

In excerpts 6, 8, 10, 11, and 12, we see that the students defended their classmates’ positions (‘I
agree with...’). It is interesting to note that the students did not limit themselves exclusively to agree, that
they also ‘enriched’ the answers given by their colleagues with further arguments supporting the position.
This phenomenon is inherent in collaborative learning situations in which knowledge is supposed to be coconstructed; during such a process, students do not remain ‘stationary’ in a position17 (Nonnon, 1996) as
the construction of knowledge evolves within the argumentative space.

Excerpt no. 6: Student no. 4, Group no. 1
30. I agree with my classmates because I also think that [(n+1)*(n+2)]-[n *(n+3]= 2 is the operation needed to answer
this question.

Excerpt no. 8: Student no. 5, Unidentified group
31. 31. In my opinion, the expression:(A+1)(A+2)-A(A+3) is an expression that can be applied with any number, even
with relatively large numbers because the result of the expression will always be 2 with any number.

16
17

This phenomenon, the shift from ‘I’ to ‘we’ (to the group), is present in most of the discussion.
Such as, for example, simply stating that you agree with your partner or faithfully reproducing the thesis.
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Excerpt no. 9: Researcher
32. So you mean that the value of the letter A is not important? And what did you get that from?

The question posed by the expert Excerpt 9 (turn 32, ‘So you mean it's not important...’) was
interpreted as a challenge by the other students. Being challenged during a discussion is a relevant
developmental experience that offers an opportunity to revise one's positions in order to deepen,
understand and reflect (Backer, 2015). This challenge triggered a series of chain responses (examples
excerpted from no. 10 and no. 11).

Excerpt no. 10: Student no. 6
33.
34.
35.
36.
37.

The value we assign to A is not important because in the expression
(A+1)(A+2) - A(A+3) =
all the values of A are cancelled
= A^2 + 3A +2 - A^2 - 3A= 2
Because +A^2 - A^2 and +3A - 3A are equal to 0, and the only result of the products between the four consecutive
numbers that cannot be ‘undone’ is 2.

Excerpt no. 11: Student no. 7
38. I agree with Zuleika's exposition because it doesn't matter what value we give to A because at the end of the
expression the terms in A are cancelled out and at the end (as the final number always comes out 2).
39. In fact: A^2+3A+2-A^2-3A=2,
40. Because 3A and -3A cancel out and A^2 -A^2 cancel out, and so the result that remains will be 2.

This process of interpersonal knowledge triggered by the discussion led student no. 9 to selfreformulate (excerpt no. 12) the reasoned response provided by the group (answer no.1, group no.6). This
was followed by a chain of other reformulations elaborated by other students18.

Excerpt no. 12: Student no. 9
41. 41. If we consider the letter B as any number B+1, B+2, B+3
42. 42. As we know, in the quaternas if we do the subtraction between the product of the second and the third number,
minus the product of the first and fourth number, we will see that it will come out for sure as a result always 2.
43. 43. If we make and unfold a small expression such as:
44. 44. (B+1) (B+2) – B(+3)= B^2 +2B+1B +2 – B^2-3B =2
45. 45. So as we have seen, the result is always 2, even if we give, in this case to B, a value with a larger or smaller
number.

Excerpt no. 13 represents the beginning of the conclusion stage of the critical discussion, with the
difference of opinion being resolved in a reasonable manner and with the researcher's acceptance of the
proposed theses (turn 46, ‘Okay, guys, you've convinced me’).
The pragma-dialectical model emphasises that in the conclusion phase of the critical discussion,
the resolution of the divergence of opinions is realised, though it may also represent the beginning of a new
discussion. At this point, the participants might begin a new discussion on a modified version of the old
divergence that begins from different premises. Examples of this are shown in excerpts 14 and 15, in which
the challenge is accepted by student 2.

Excerpt no. 13: Researcher
46. Okay, guys, you've almost convinced me.
47. I am left with only one doubt. But then can we use the calculator or not?
48. I seem to remember that some of you used it to try with very large quaternas, and it didn't work. What was the
18

This paper does not report all of the discussion – only some excerpts.
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problem? I can't really remember...didn't 2 come out?
49. And if the calculator can't do operations with numbers that are too high (by the way, how high?), how do I check
that 1,256,257890*1256257891-125625789*1256257892=2?
50. Or maybe you guys are saying I don't need to do any calculations?
51. Please don't keep me on my toes too much :-)

Excerpt no. 14: Student no. 2
52.
53.
54.
55.

you only need to change the signs
or example, A is the largest number in the quatern,
A; A-1; A-2; A-3
and do the same calculation.

Excerpt no. 15: Student no. 2
56. The problem that was found during the calculations is that the last numbers of these numbers, relatively very large,
were not identified because there was the exponential notation,
57. But applying the expression, we used, the problem is solved.
58. Or if you want to be 100% sure, you have to do the calculations by hand with the help of the calculator.

In conclusion, we observed that the argumentative moves enacted by the students were guided by
a form of interpersonal reasoning (Walton & Krabbe, 1995) whose development depended on the course
of the conversation. This course is steered by the different kinds of the teacher-researcher’s interventions
in managing the mathematical discussion (Albano, Coppola & Fiorentino, 2021; Bartolini Bussi M. G., Boni
M., & Ferri F., 1995). For each episode of the story, the mathematical discussion guided by the researcherteacher aims to support the key elements of the argumentative and proving competencies, which are the
phases of exploration, conjecture, formalization, and proof (for instance, see excerpts 1, 4, 9). In addition,
during the discussion, the students demonstrated argumentative skills, and the answers they argued for
were the result of reasoning that was based on the problem and stimulated by the discussion itself.

Discussion of results and conclusion
Our analysis of the critical discussion reveals that it activated an interpersonal elaboration of
knowledge in the students involved, which is in accordance with Vygotsky’s (1978) and Sfard's (2001, 2008)
theories that state that dialogue represents the basis of the construction of knowledge. We observed a
critical engagement on the part of the students in defending their point of view in the face of the critical
examination operated by the expert, who assumed the role of the opponent. The students acted as one
group within a shared argumentative space of meanings (Perret-Clermont, 2004) that fostered a process
of co-processing the solution (Bruner, 1996; Vygotsky, 1978). Moreover, the discussion stimulated the
students to freely express their ideas, which activated, on the one hand, a reflection on their own reasoning,
and on the other hand, a process of error control that was regulated by the group (Vygotsky, 1978; BartoliniBussi & Mariotti, 2008). We were also able to identify differences in the students' argumentative skills earlier
in the process when a greater commitment emerged, from a cognitive point of view to providing
argumentative responses. It is likely that during the discussion, the students perceived freedom of thought
and a certain degree of awareness regarding the possibility of being able to act freely within a
conversational space (Iannaccone, Convertini & Perret-Clermont, 2016; Iannaccone & Perret-Clermont,
2014; Iannaccone & Zittoun, 2014; Inhelder, Sinclair & Bovet, 1974; Boero, 1999; Sfard, 2008). In
convincing the others of their position, they were required to present arguments (which the other will also
present). This would not only lead one (or more than one) of the participants to adhere to a position (as a
process of knowledge negotiation would be triggered), but it can also make known and understandable any
knowledge that is still opaque (Grize, 1982, 1983) and of course, by the interlocutors (Vergnaud, 2015;
Wegerif, 2013; Traverso, 1990).
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In the reasoning enacted during the argumentative practice, each cognitive decision evolved within
the interpersonal discursive space (Walton & Krabbe, 1995; Sfard, 2001; Mollo, 2018; 2021) in a social
dimension that considered the aim of the dialogue as well as any contextual differences. Reasoning
(inherent in argumentation) emerged that was fully immersed in a social dimension, in a dialogical space
of confrontation between the participants and the other, in which every cognitive decision was influenced
by the relational situation (Rigotti & Greco, 2010). Valsiner and Wertsch have demonstrated the cultural
roots of cognitive processes and have shown that action does not necessarily consist of the simple
execution of previous cognitive decisions but that it constitutes the way in which social actors explore the
specificity of the situation (Wertsch, 1998). Rationality is not sufficient to account for all reasoning (Rigotti
& Greco, 2010).
In this study, the role of the researcher was to mediate between students and knowledge,
orchestrate discussions in the forum, and lead the students to reflect upon their learning process. The
students acted within a co-constructed dialogic space that was mediated by the technologies used in the
study, which facilitated a process of co-elaboration of the solution. In addition, the discussion encouraged
students to freely express their ideas and promoted the students’ reflection on their own reasoning and the
process of error control regulated by the group. This has been realized thanks to the fundamental role of
the researcher-teacher and of the learning environment equipped with the potential of technology. Indeed
the researcher-teacher plays the role of designer of the activity as well as of the expert-teacher in the DISTM. Based on the a priori expected answers of the students, she is able to real-time moderate within the
storytelling the advancement of the construction of the competencies, not only regarding the solution of
mathematical questions but above all of the development of competencies of argumentation, proving and
communication (Albano, 2017; Polo 2017).
In the current pandemic circumstances, technologies have become essential tools for upholding
educational processes. Despite the fact that the DIST-M was implemented and tested before the COVID19 era, its epistemic basis of dialogism mediated by technology could have a great effect on preserving
dialogic interaction in educational settings, which have been heavily affected by social distancing, and in
promoting mathematical thinking in general. The articles focus on the United Nations Sustainable
Development Goal n. 4, which aims to ‘ensure inclusive and equitable quality education and promote
lifelong learning opportunities for all.’
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